I. INTRODUCTION

I
N THE theory and applications of multirate filterbanks and wavelets, the linear-phase filterbank (LPFB) is an important subclass of filterbanks and finds application in image and video compression [1] - [22] . A typical -channel maximally decimated filterbank is shown in Fig. 1(a) , where and are the th analysis and synthesis filters [21] . In an -channel real-coefficient LPFB, the subband filters and , are symmetric or antisymmetric and, hence, have linear phase. In image processing, the symmetry of the filter impulse responses gives good visual quality of reconstructed images and allows symmetry extension at the boundaries of images.
The class of two-channel linear-phase perfect reconstruction filterbanks has been successfully used in wavelet zerotree coding of images [5] - [7] . More recently, it was shown by Tran et al. that a well-designed -channel LPFB combined with zerotree coding outperforms the two-channel systems in coding efficiency, especially for images with significant textures such as "Barbara" and fingerprint images [10] - [13] . The key reason is that the -channel systems have more degrees of freedom for optimal design and can offer better frequency resolution.
The most popular design and implementation of -channel LPFBs use lattice structures [8] - [16] . A lattice structure is derived from the factorization of the polyphase matrix of the LPFB. The polyphase implementation of the -channel filterbank is illustrated in Fig. 1(b) , where and are, respectively, the type-I analysis polyphase matrix and the type-II synthesis polyphase matrix [21] . The filterbank gives perfect reconstruction if and only if , where is an identity matrix, and is an integer. In a paraunitary system, is paraunitary, i.e., , where represents conjugated transpose of coefficient matrices. The perfect reconstruction property is assured by choosing . For the filters to have linear phase, the polyphase matrices must satisfy additional constraints.
The lattice structure of paraunitary LPFBs has been investigated by several researchers. Soman et al. first proposed a complete and minimal structure for even-channel LPFB with filters of the same length [8] . An equivalent modular structure was presented in [9] . Tran et al. extended the structure to two more general cases with an even number of channels [10] , [11] . In one case, the filters have the same length , where is even, and . In the other case, there are long filters of length and short filters of length . In the most general FIR LPFB, the th filter has length , where and are integers, , and . In practice, should take the same value to have a symmetry extension implementation for finite-length signals. Several necessary restrictions on the filter lengths and symmetry polarity for the existence of a permissible solution were derived in [10] , [14] , and [15] . With a generalized algorithm proposed by Chen et al. in [16] , the polyphase matrix of any paraunitary LPFB with filters of lengths can be factorized into the product of order-one paraunitary matrices. However, the structure is not unique for a given distribution of filter lengths and symmetry polarity among the channels. The sizes of the elementary orthogonal matrices in the structure should be changed to cover the complete solution space defined by the filter lengths and symmetry polarity. Another main disadvantage is that there are too many parameters in the structure. To simplify the design and implementation, more efficient structures are expected.
Up to now, the reported works on the theory and structure of LPFBs are restricted to the real-coefficient case. In recent years, complex filterbanks/wavelets have found important applications such as motion estimation and audio processing [23] - [33] . There are several reasons to use a complex system. First of all, we often encounter complex signals in practice, such as radar signals and QAM modulation signals. Second, nontrivial two-channel paraunitary FIR filterbanks and their corresponding orthogonal wavelets with symmetry property exist in the complex case [23] , [24] , [26] . Third, complex filterbanks and wavelets explicitly carry phase information and can have the shift-invariant property that are important for motion compensation and feature extraction applications [28] - [33] . In the complex case, the concept of symmetry/antisymmetry is different from that of linear phase. A complex filter whose impulse response is symmetric or antisymmetric does not have linear phase. The filter should be Hermitian symmetric or Hermitian antisymmetric to have linear phase.
In this paper, we extend the theory and structure of -channel real-coefficient LPFBs to the complex case, investigate the necessary conditions for permissible solutions, and develop efficient lattice structures for design and implementation. In Section II, the basic theory of the real-coefficient LPFB with filter lengths is briefly reviewed. It is then extended to the complex case in two different ways, leading to symmetric/antisymmetric filterbank (SAFB) and complex linear phase filterbank (CLPFB). Complex SAFBs can have better stopband attenuation performance than the real-coefficient LPFBs, as shown in this paper, whereas CLPFBs are suitable for motion estimation [30] - [32] . Several necessary conditions on the filter lengths and symmetry polarity for permissible solutions are presented. In Section III, a complete and minimal structure is developed for the symmetric/antisymmetric paraunitary filterbank (SAPUFB). For a given distribution of the filter lengths and symmetry polarity among the channels, the structure is unique. The SAPUFB is real orthogonal LPFB if and only if the elementary matrices in the structure are real orthogonal. Compared with the existing results, the number of parameters is reduced significantly. A lattice structure for the complex linear-phase paraunitary filterbank (CLPPUFB) is presented in Section IV. It is also complete and minimal. Several design examples are illustrated in Section V.
Notations: Bold-faced letters indicate vectors and matrices. The tilde operation on a matrix function is defined by , where the superscript denotes the conjugated transpose. For real coefficient systems, is replaced by (the transpose). The rank of the matrix is . and denote the integer floor and ceiling of . and are the identity and reverse identity matrices, respectively.
II. REAL-COEFFICIENT LPFB AND ITS EXTENSION TO COMPLEX CASE
A. Brief Review of Real-Coefficient LPFB
In a real-coefficient -channel FIR LPFB, the impulse response of the th analysis filter satisfies the following condition:
(1) where is 1 for symmetry and 1 antisymmetry, and is the filter length. Let , where and are integers with and . Then, (1) holds if and only if the type-I analysis polyphase matrix satisfies [10] (2) where diag , diag and diag . The symmetry property of the analysis filters also implies that the synthesis filters must be symmetric or antisymmetric for perfect reconstruction. In a paraunitary system, this is obvious since . It is also true for the general perfect reconstruction filterbank [20] . Each synthesis filter has the same symmetry polarity as its corresponding analysis filter.
For perfect reconstruction, the symmetry polarity and lengths of filters should satisfy permissible conditions [10] . The diagonal matrix in (2) reflects the symmetry polarity. Its trace is equal to the difference between the numbers of symmetric filters and antisymmetric filters. From (2) and using the fact that is invertible, we have tr tr even, even even, odd odd.
When both and are even, the system has the same number of symmetric and antisymmetric filters. When is even and is odd, there are two more symmetric filters. When is odd, there is one more symmetric filter. To derive the constraint on filter lengths, we can take the determinants of both sides of (2). It is a simpler way than that in [10] . Since the filterbank is a FIR system, the determinant of must be a delay. Let , where is a nonzero constant number and is an integer. Then, we have (4) The above constraint on symmetry polarity assures that is identical to 1. Therefore, (4) holds if and only if . This means that either all the three quantities , , and are even, or only one of them is even and the other two are odd. With this constraint, the sum of the filter lengths is an even multiple of for even and an odd multiple of for odd .
B. Symmetric/Antisymmetric Filterbank
In the real-coefficient case, an FIR filter has linear-phase property if and only if it is symmetric or antisymmetric. To extend the linear-phase filterbank to complex case, there are two possible ways. One way is that all the complex filters in a filterbank are symmetric or antisymmetric, which is referred to as symmetric/antisymmetric filterbank (SAFB). The two-channel complex filterbanks corresponding to the complex wavelets in [23] and [24] belong to this class. The frequency response of a complex symmetric or antisymmetric filter does not necessarily have linear phase, except that the imaginary parts of all the coefficients are zero. In the -channel FIR SAFB, the impulse response of the th analysis filter satisfies (1) , and the polyphase component matrix satisfies (2) . Therefore, all the discussion in the previous subsection applies to this class of complex filterbank. The FIR SAFB should satisfy the same permissible conditions as the real-coefficient LPFB for perfect reconstruction. Here, we give necessary conditions for the SAFB to be paraunitary. 
From the symmetry condition on , we have (7) where diag , diag , and and are diagonal with and . By using (5) and (7), and can be expressed as (8) The traces of and can be written as tr tr tr tr tr tr (9) From (6), the following relations hold:
Taking the traces of both sides of (10) and using (9) From these, the results in the theorem can be easily obtained.
It is easy to check that the conditions for the SAPUFB in Theorem 1 cover those for the SAFB to be perfect reconstruction, i.e., tr satisfies (3), and the sum is even.
Theorem 2: Assume that there are longest filters in an -channel SAPUFB with filter lengths , where , and . Then, , and at least one of them has a different symmetry polarity from the others.
Proof: Without loss of generality, we assume that the first filters have the length . The polyphase matrix can be expressed as (12) where , , , and are of size , ,
, and , respectively. The matrices and represent the longest filters, whereas and represent the remaining filters. It is obvious that and . The symmetry condition of implies that and , where diag . Therefore, we have the following relation:
The paraunitary property of implies that and . From these relations, we obtain (14) Substituting (13) into (14) yields . If or , , and hence, . This conflicts with the assumption that the first filters have length . Therefore, , and at least one of the longest filters has a different symmetry polarity from the others.
C. Complex Linear-Phase Filterbank
The other way to extend the real-coefficient LPFB to the complex case is to let the filters be Hermitian symmetric or Hermitian antisymmetric. We still assume that the th analysis filter has length . Its impulse response satisfies (15) where is equal to 1 for Hermitian symmetry and 1 Hermitian antisymmetry. It is easy to check that the frequency response of the filter has linear phase. As an example, consider the case with and even length . The frequency response is Re , where Re is the real part. Equation (15) , and are as those in (2) . In a complex perfect reconstruction filterbank, the Hermitian symmetry property of analysis filters also implies that the synthesis filters are Hermitian symmetric or antisymmetric and, hence, have linear phase. From (16) , the type II synthesis polyphase matrix satisfies (17) This implies that , . The th synthesis filter has the same symmetry polarity as its corresponding analysis filter.
In contrast to the SAFB, there is no constraint on the filter symmetry polarity for the CLPFB to give perfect reconstruction. Let and , where is diagonal with . Then, the pair of the polyphase matrices and constructs a perfect reconstruction filterbank if and only if and do. Furthermore, and satisfy (16) and (17) if and only if and , which means that all the filters in the perfect reconstruction filterbank constructed by and are Hermitian symmetric. Therefore, the symmetry polarity of the filters does not impose any constraint in the CLPFB. Without loss of generality, we remove the factor in (16) and (17) in the subsequent discussion for this class of filterbank.
By taking the determinant of both sides of (16), must be even for the FIR CLPFB. This means that the FIR CLPFB has to satisfy the same constraint on filter lengths as the SAFB for perfect reconstruction. Moreover, it can be verified that the number of the longest filters in an FIR paraunitary CLPFB must be at least two.
III. LATTICE STRUCTURE FOR THE SAPUFB
In this section, we derive a lattice structure for the -channel SAPUFB, where the th filter has length , and , . Without loss of generality, the following assumptions on the analysis filters is made for simplicity.
• The filter lengths are in nonincreasing order, i.e., .
• For the filters with the same length, symmetric filters are grouped together, followed by the remaining antisymmetric filters. (24) where , , and . Substituting (23) and (24) into (22) 2) From the above derivation, the number of the long filters must be larger than or equal to , which implies that the number of short filters must be less than or equal to . Conversely, if is a non-negative even number, , , and , we can always construct an order-one SAPUFB by (27) .
B. Order-SAPUFB with
We now show that the polyphase matrix of an order-SAPUFB can be completely factorized into a product of paraunitary matrices with order one. To obtain the structure, the order-SAPUFB is associated with a cascade of lower order SAPUFBs, where the polyphase matrices and are paraunitary and satisfy the symmetry condition (18) with replaced by . The integer variables and , indicate the filter length and symmetry polarity. In the derivation, the following matrix lemma plays an important role. The proof can be found in [34] . A proof for the real case can also be found in [35] . 
otherwise.
is as in (27) with and defined by (28 1) The above factorization is obtained through a -step order-reduction process as in (32) , and the resulting order-one SAPUFB has the structure as in (27) . From the recursive relations (30) and (31), we can see that at each step, the length of longest filters in the order-SAPUFB is reduced by , and the length of the remaining longest filters is reduced by . This procedure does not change the symmetry polarity of each filter. Given and , all the integers and can be calculated, and the factorization can be determined uniquely. This allows us to optimize a SAPUFB with given filter lengths and symmetry polarity in the complete space of possible solutions. The structure is illustrated in Fig. 2. 2) At each stage of the structure, only one unitary matrix of order is used. For an even-channel SAPUFB with filters of the same length , , and , unitary matrices of order are required. In the real-coefficient case, these matrices are real orthogonal. Other works in [8] , [9] , and [16] present alternative lattice structures with more parameters. For instance, the structures reported in [8] and [9] use orthogonal matrices of order , whereas the structure for the general real-coefficient LPPUFB reported in [16] uses four orthogonal matrices at each stage. Two of them are of order and . Therefore, our proposed factorization form is the most general structure with the least number of parameters.
3) From the recursive relations (30) and (31) is a non-negative even number. c)
, and , .
These conditions are necessary and sufficient for the existence of the order-SAPUFB. 4) The proposed structure in (29) is minimal since it uses the smallest number of delay elements. The proof is similar to those in [10] and [11] . 5) For the two-channel case, the two filters must have the same even length [21] . In this case, , and . Equation (29) becomes (43) where , . The two-channel SA-PUFB is completely represented by angles. In [27] , a lattice structure for the two-channel complex SAPUFB was proposed. It can be verified that if and for , our proposed structure in (43) simplifies to that in [27] up to a complex diagonal matrix. In the real-coefficient case, is equal to 1 or 1, and the solution is trivial.
IV. LATTICE STRUCTURE FOR THE CLPPUFB
In this section, we derive a lattice structure for the -channel CLPPUFB with the th filter of length , where , and . As for the SAPUFB, we assume that the filter lengths are in a nonincreasing order. The polyphase matrix has order if . The filterbank is called order-CLPPUFB, including the case , and the polyphase matrix is denoted as . Here, we only need integer variables , to denote the number of filters with length . The linear-phase condition on can be rewritten as (44) where diag . Since a nontrivial two-channel CLPPUFB does not exist [26] , we assume that . Moreover, we do not include the real-coefficient LPPUFB in this section for simplicity.
A. Order-One CLPPUFB
In an order-one CLPPUFB, the length of each filter is either or . The necessary condition for the existence of a solution discussed in Section II-C is that ( ) is even, and . As for the order-one SAPUFB, the polyphase component matrix can be expressed by (19) can be expressed as (48) with and defined by (50). Comments: 1) This structure for the order-one CLPPUFB has only two real orthogonal matrices of orders and . The total number of free parameters is . 2) From the derivation, we can see that an order-one CLP-PUFB exists if and only if is a non-negative even number, and .
B. Order-CLPPUFB with
As in the development of the lattice structure for the order-SAPUFB, the order-CLPPUFB is associated with a cascade of lower order CLPPUFBs, where the polyphase matrices , are paraunitary and satisfy the linear-phase condition (44) Therefore, satisfies the linear-phase condition . Now, we prove the "only if" part. It is sufficient to show that any that corresponds to an order-CLPPUFB can be expressed as in (58), where is an ordermatrix corresponding to an order-CLPPUFB. As in the order-SAPUFB, let
The matrices and represent the longest filters, whereas and represent the remaining filters. By using the linear-phase condition and the paraunitary property of , we can obtain
From these relations and Lemma 2, we have
where is a real orthogonal matrix of order , and is a complex matrix. Substituting (63) and (64) . This completes the proof. Comments: 1) The above factorization is obtained through a -step order reduction as in (58), and the resulting order-one CLPPUFB has the structure in (48). From the recursive relations (57), we can see that at each step, the length of longest filters in the order-CLPPUFB is reduced by , except that one of them is reduced by in the case with odd . Given , all the integers can be calculated, and the factorization form can be determined uniquely. At each stage of the structure, there are two real orthogonal matrices of order , angles, and one additional -dimensional unit vector for odd . This factorization gives the same basic structure as shown in Fig. 2 . The elementary blocks of Fig. 2 and is a nonnegative, even number. These conditions are necessary and sufficient for the existence of the order-CLPPUFB.
3) The structure given by (56) is also minimal.
V. DESIGN EXAMPLE
In this section, we present several design examples of real-coefficient LPPUFB, complex SAPUFB, and complex LPPUFB based on the proposed structures. In different applications, various objective functions can be constructed to optimize the filter coefficients. The most common functions are the stopband attenuation and coding gain. The examples in this paper are based on minimizing the stopband energy, which measures the sum of the filters' energy outside the designated passbands:
where denotes the passband of the filter . Stopband attenuation is sufficient to guarantee good frequency response since the filterbank is paraunitary. In the design, we set
The magnitude response of a symmetric (or antisymmetric) filter (real or complex) must be symmetrical about the zero frequency, whereas this is not necessary for a complex linear-phase filter. To show this, we also design the complex LPPUFB with set to be . In the design, we factorize the unitary matrices with the angle parameters. From [21] , any real orthogonal matrix of order can be parameterized by Givens rotation angles. It can be verified that an complex matrix is unitary if and only if it can be expressed as , where and are real orthogonal matrices of order and diag . Therefore, any complex unitary matrix of order can be completely expressed by angle parameters. Fig. 3 shows the frequency responses of four-channel filterbanks with filters of the same length 20. The total numbers of parameters are 6, 24, and 18 for real-coefficient LPPUFB, complex SAPUFB, and complex LPPUFB, respectively. From  Fig. 3 , we can see that the complex SAPUFB has better stopband attenuation performance than the LPPUFBs (real and complex), whereas the complex LPPUFB has nearly the same magnitude response as the real-coefficient LPPUFB. Fig. 4 shows the frequency responses of five-channel filterbanks with filters of different lengths. Three filters have length 19, and the remaining two filters have length 14. In the SAPUFBs (real and complex), two long filters and one short filter are symmetric. The total number of parameters is eight, 29, and 21 for real-coefficient LPPUFB, complex SAPUFB, and complex LPPUFB, respectively. Finally, in Fig. 5 , we show the frequency response of a two-channel complex SAPUFB with filter length 20. From  Fig. 5 , we can see that the two-channel complex SAPUFB has not only a good stopband attenuation performance but nearly linear-phase responses as well. The impulse response coefficients of the designed filters can be found in the website http://multirate.bu.edu.
VI. CONCLUSION
The theory and structure for the real-coefficient LPFB have been extended to the complex case for the SAFB and CLPFB, where the filters have lengths . In the SAFB, all the filters are symmetric or antisymmetric but do not necessarily have linear phase. In the CLPFB, all the filters are Hermitian symmetric or Hermitian antisymmetric and, hence, have the linear-phase property. Necessary conditions on the filter symmetry polarity and lengths for the existence of the two class filterbanks are investigated. The conditions for the complex SAFB is the same as those in the real-coefficient LPFB. In the complex LPFB, there is no constraint on the filter symmetry polarity. Complete and minimal lattice structures are developed for the paraunitary SAFB and the paraunitary CLPFB separately. When the elementary unitary matrices in the structure for the paraunitary SAFB are real orthogonal, the structure covers the most general real-coefficient paraunitary LPFBs. Compared with the reported structures, the number of parameters is reduced significantly.
APPENDIX PROOF OF LEMMA 3
Proof: It is easy to check that with any orthogonal , , and angles , the matrix produced by (52) 
